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Abstract
We extend the Deviatov and Wallace (2014) model of inside money in which they
find some examples where inflation is beneficial. Their model was restrictive in that it
could not address policies that provide interests on cash due to the small upper bound
on money holdings. With a higher upper bound on money holdings, such policies can be
engineered without inflation, and it is uncertain whether inflation is necessary for the
optima. We investigate this possibility and confirm their results in a more generalized
setting. At the optima, interest on cash is not provided, and positive inflation arises
in a similar manner to Deviatov and Wallace (2014).
Keywords: Friedman Rule, Inside-money, Inflation, Monitoring, Optima
JEL classification: E31, E42, E50, E52

1

Introduction

There are several papers that have shown that inflation is a feature of desirable allocations
(Kehoe et al. (1992), Molico (2006), Green and Zhou (2005), and Deviatov (2006) to name a
few). The optimality of inflation attained in those pure-currency economies (Lucas (1980);
Wallace (2014)) relies on two properties of them: 1) lump-sum transfer is beneficial as
they provide risk-sharing, 2) there are no available tax instruments other than inflation tax.
Wallace (2014) takes stock of this literature and conjectures that positive inflation caused
by some transfers which improve risk-sharing or raise the return on money as the Friedman
rule is generically optimal in pure-currency economies.
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If we go beyond a pure-currency economy, which is extreme, the necessity of inflation is
less clear as government transfers can be financed through some other taxes. We argue that
inflation may still be optimal but for a different reason. We build on Deviatov and Wallace
(2014) where they study a model of inside money where there are two types of people in the
model, who are subject to public monitoring and can issue inside money (monitored agents),
and who are anonymous and cannot issue inside money (non-monitored agents). They find
that optima may have positive inflation as it enables monitored agents can spend more than
what they earn from non-monitored agents.1 However, their model is restrictive in that some
potentially beneficial policies that are not inflationary policies are physically ruled out due
to small upper bound on money holdings. While some taxes are feasible, the small upper
bound severely limits the ways to use tax revenue. In particular, their setting does not give
scope to the Friedman rule-like policies (providing interest on cash holdings). Hence, one
may wonder if positive inflation remains optimal when such policies were feasible.
We extend their model by adopting the smallest upper bound that makes the Friedman
rule-like policies become feasible, which is three. This extension provides a rich setting in
which we can study whether the Friedman rule-like policy is desirable and whether inflation
is necessary. We define a mechanism design problem and study optima by computing those
for a range of parameters on the discount factor, the finite marginal utility of consumption at
zero, and the fraction of monitored agents in population. This is an additional contribution
compared to Deviatov and Wallace (2014), who concentrate on one example.
In all examples we study, positive inflation arises at optimum. While direct monetary
transfer from the government is very rarely used (in contrast to optima in pure-currency
economies) inflation arises due to net positive creation of inside money from monitored
agents. Hence, giving scope to the Friedman rule do not necessarily invalidate the result
of Deviatov and Wallace (2014). Optima in economies without monitored agents (outside
money economy) and economies with monitored agents (inside money economy) show sharp
differences.
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Environment

The environment is borrowed from Deviatov and Wallace (2014), which uses a random
matching model in Shi (1995) and Trejos and Wright (1995) as the background. This model
is identical to the model in Cavalcanti and Wallace (1999) except the set of money holdings
and the way that inflation is modeled. Time is discrete and the horizon is infinite. There is
a nonatomic measure of infinitely-lived agents.
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In each period, pairwise meetings for production and consumption occur in the following
way. An agent becomes a producer and meets a random consumer with probability 1/K,
becomes a consumer and meets a random producer with probability 1/K, or becomes inactive
and enters no meeting with probability 1 − 2/K. In a meeting, the producer can produce q
units of a consumption good for the consumer in the meeting at the cost of disutility c (q),
where c is strictly increasing, convex, and differentiable and c(0) = 0. The consumer obtains
period utility u(q), where u is strictly increasing, strictly concave, differentiable on R+ and
satisfies u(0) = 0. Also, q ∗ = arg maxq∈R+ [u(q) − c(q)] exists and is strictly positive. The
consumption good is perishable: it must be consumed in a meeting or discarded. Agents
maximize the expected sum of discounted period utility with discount factor β ∈ (0, 1).2
Each agent and the planner have printing presses that can produce an intrinsically useless
and indivisible asset which can be used as a medium of exchange. We call the asset money. As
monitoring is imperfect as described soon, money can potentially help the economy to achieve
a good allocation. Money produced by any agent is distinguishable from that produced by
other agents. Individual money holdings are restricted to be in {0, 1, 2, 3}. While we can
consider an economy where the only medium of exchange is outside money when monitored
agents exit, we only focus on inside money economy as it is welfare superior. (Deviatov and
Wallace (2014))
Monitoring is imperfect in the language of Cavalcanti and Wallace (1999). A fraction of
agents are permanently monitored and called m-agents, and the rest are permanently not
monitored and called n-agents. Histories of m-agents, who they meet and what they did,
are common knowledge, while those of n-agents are private. The fraction of m-agents is a
parameter of the environment and denoted by α. Also, agents cannot commit to any future
action.
The sequence of actions is as follows. First, a pairwise meeting takes place and people
realize their type as a producer or a consumer or become inactive. Depending on their
shock realization, people can produce or consume, and period utility is determined here.
All information, regarding their type and money holding, is common knowledge between
them. Following the mechanism design approach, we will consider broader trading protocol
than using a bargaining solution. Given a trading protocol, we assume that people can
individually defect and the pair in any meeting can jointly defect to it. When n-agents
defect, the government cannot punish them consistent to the definition of n-agents. When
m-agents defect, they can be treated as n-agents as a punishment. This is a loss as they
lose their ability to issue valued money. We also allow that m-agents can become n-agents
whenever they want to.
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After the pairwise meeting, the government makes monetary transfer and tax. At this
point, people can only defect individually. Money holdings of n-agents are not visible, and
government can ask them to differ the transfer rate depending on their money holdings. Let
τi ∈ [0, 1] be the probability that an agent with i units of money receives another unit for
each i. In response, people can report any units less than what they have and that imposes
that τi must be weakly increasing in i. Also, we must assume τB = 0. For m-agents, all
money holdings of them are returned to government and eliminated at this point. After
transfer and tax, each unit of money disintegrates with probability δ ∈ [0, 1], independent to
their money holdings. This is a device to resemble inflation in this class of model, to make
agents’ money holdings stay in the given set of possible money holdings (Li (1995)).
All our compuations are for K = 3; c (q) = q, and u (q) = 1 − e−κq , which implies that
u0 (0) = κ. We study optima for a subset of
(β, κ) ∈ {0.1, 0.2, . . . , 0.8} × {10, 20, 40}
a subset that satisfies
κ>1+

K (1 − β)
β

This condition is necessary and sufficient for the production of constant positive output with
α = 1 (perfect monitoring), and it leaves us 21 pairs of (β, κ). Regarding α, we study
α ∈ {0, 0.25, 0.5, 0.75} . When α = 0, this model becomes a version of Shi (1995) and Trejos
and Wright (1995), with a richer money holding.

3

Implementable allocations

We restrict our attention to stationary and symmetric allocations3 : Money holding distribution is invariant to time and people act identically given that they have same monitoring
type, money holdings, and shock realization. Therefore, productions and monetary payments
are constant over all meetings in which a producer has k units of money and a consumer
has k 0 units of money, a (k, k 0 ) meeting. A stationary and symmetric allocation consists of
choices for the variables listed in Table 1:
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This may not be innocuous. In a similar model, Bertolai et al. (2012) finds that there can be ex-ante
Pareto superior nonstationary allocations to the stationary optima.
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Table 1: Variables constitute an allocation
πk
fraction with k units of money before meetings
0
q(k, k )
production in (k, k 0 ) meeting
0
probability that producer has i money after (k, k 0 ) meeting
λk,k
p (i)
k,k0
λc (i) probability that consumer has i money after (k, k 0 ) meeting
τk
transfer rate for agents with k units of money
δ
probability that money disintegrates after meetings
The planner chooses production and payments in meetings, disintegration and transfer
rates to maximize ex-ante expected utility before money are assigned. It can be easily shown
that ex-ante expected utility is proportional to
X

X

0≤k≤B

0≤k0 ≤B

πk πk0 [u(q(k, k 0 )) − q(k, k 0 )] ,

(1)

the expected gains from trade in meetings. The choice is subject to the following constraints.
We define the first-best allocation as production and consumption equal to q ∗ in every
single-coincidence meeting. Accordingly, the first-best welfare level is u(q ∗ ) − q ∗ .
Physical feasibility and stationarity First, money holdings that result from meetings
must be feasible: in (k, k 0 ) meeting, if the consumer has i units, then the producer must
have k + k 0 − i units. Also, money holdings cannot be negative or exceed the total amount
brought into the meeting.
0

0

0

0

k,k
0
0
λk,k
c (i) = λp (k + k − i) if 0 ≤ i ≤ k + k

(2)

k,k
0
λk,k
c (i) = λp (i) = 0 if i < 0 or k + k < i
0

(3)

0

k,k
Let Λ(k, k 0 ) denote the set of pairs of probabilities (λk,k
c , λp ) that satisfy the above constraints.
Given this, the transition probability that a person in state k transits to state k 0 during
pairwise trade meeting stage is


 k,k 0

P
1
k0 ,k
0

0

π
λ
(k
)
+
λ
(k
)
+
k

0
p
c
 K k0 ∈{0,...,B}∪{m}
(1)
0
t (k, k ) = 1



0

K−2
1k=k0
K

if 0 ≤ k, k 0 ≤ 3
if k = m and k 0 = m
otherwise

The transition probability that a person in state k transits to state k 0 caused by transfer
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is denoted by



1 − τk




τ
k
(2)
0
t (k, k ) =


1




0

if k ∈ {0, 1, 2} and k 0 = k,
if k ∈ {0, 1, 2} and k 0 = k + 1,
if k 0 = k = 3 or k 0 = k = m,
otherwise,

and the transition caused by disintegration is expressed by




k



 δ k−k0 (1 − δ)k0


 k0
t(3) (k, k 0 ) =


1




0

if k ∈ {0, 1, 2, 3} and k ≥ k 0 ,
if k = k 0 = m,
otherwise.

Denote T (i) the following matrix

T (i)




≡




t(i) (0, 0) t(i) (0, 1) t(i) (0, 2) t(i) (0, 3) t(i) (0, m)
t(i) (1, 0) t(i) (1, 1) t(i) (1, 2) t(i) (1, 3) t(i) (1, m)
t(i) (2, 0) t(i) (2, 1) t(i) (2, 2) t(i) (2, 3) t(i) (2, m)
t(i) (3, 0) t(i) (3, 1) t(i) (3, 2) t(i) (3, 3) t(i) (3, m)
t(i) (m, 0) t(i) (m, 1) t(i) (m, 2) t(i) (m, 3) t(i) (m, m)





.




The stationarity constraint can be stated as
π = πT (1) T (2) T (3) ,

(4)

where
π=

h

π0 · · ·

πB , πm

i

and πm = α.
Incentive compatibility Incentive compatibility is defined by underlying information
and defection assumptions in two stages for transfer and pairwise meeting. Information
assumption is on the history of agents and their money holdings, and defection assumptions
are whether they can defect jointly or not. As we mentioned already, the history of agents is
determined by their monitoring status. Hence the information specification only determines
the visibility of money holdings. We assume that (1) in transfer stage, money holdings are
private information and people can only defect individually, (2) in pairwise meeting stage,
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money holdings are visible within each meeting and people can jointly defect within a pair.
Although money holdings are private information in transfer stage, they can only hide not
overstate, as it can be verified. Hence, the truth-telling constraint on transfer rates is
τi−1 ≤ τi
for i ∈ {0, 1, 2} .
This is one possible specification out of 16, which is the number of combinations of
information and defection specifications in each stage. Some of other specifications can be
studied in a similar manner. We think it is desirable to allow joint defection within a meeting
and hide money holdings in transfer stage, as it seems natural in this pairwise meeting and
anonymous environment. If we want to allow joint defection in transfer stage (with visible
money holdings), transfer rate must be restricted to linear in money holdings, and this can
be easily incorporated. Other than that, our choice of the specification is not more justified
than others.
Two small differences from Deviatov and Wallace (2014) are notable. In Deviatov and
Wallace (2014), n-agents can hide their money in a meeting, and this potentially matters
only when n consumers meet m producers. In ours, allowing n-agents to hide their money
holdings create more complications. Hence, we choose different specification on that. Next,
we allow m agents can issue money to n agents even when m producer meets n consumer.4
This is potentially useful for the government to engineer the transfer, as information in a
pairwise meeting is visible while it is not in the transfer stage. This is not beneficial in
Deviatov and Wallace (2014) for the same reason why the transfer is not used at optimum.
However, in our settings, it potentially is.
Due to stationarity, we omit all time scripts. Following definitions are made under
stationarity. Before defining incentive compatibility, it is convenient to define discounted
4

We do not allow m agents to give money to n agents in inactive meetings to reduce number of variables
for the computation. To some degree, money-giving by m agents in both active and inactive meetings can
be replicated by money-giving by m producers in active meetings. We doubt that money-giving by m agents
outside of such range will be used in the optima.
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expected utility before meetings. For each money holdings k ∈ {0, . . . , B} ,
1
v (k) =
K
1
+
K
+

"
X

#

πk0 u(q (k 0 , k)) + β

k0 ∈{0,...,B}∪{m}

X

k0 ,k

λc (k0 )w(k0 )

k0

"
X

#

πk0 −q (k, k 0 ) + β

X

k0 ∈{0,...,B}∪{m}

k,k0

λp (k0 )w(k0 )

k0

K −2
βw(k),
K

and, for k = m,
v (m) =
+
+

1
K
1
K

X

πk0 [u(q (k 0 , m)) + βw (m)]

k0 ∈{0,...,B}∪{m}

X

πk0 [−q (m, k 0 ) + βw (m)]

k0 ∈{0,...,B}∪{m}

K −2
βw(m).
K

where w (·) is discounted expected utility before transfer. Under stationarity,
w (k) =

X

X

t(2) (k, k 0 )

k0 ∈{0,...,B}

t(3) (k 0 , i)v(i)

i∈{0,...,B}

for k ∈ {0, . . . , B}. And for k = m,
w (m) = v(m)
Note that agents with 3 units of money cannot earn more. We also require that monitored
agents prefer to stay monitored, rather than becoming non-monitored agents with money
they earned in pairwise meeting.

w (m) ≥ w


max {x(m, k)}

(5)

k∈{0,...,B}

where x (m, k) is the amount that m producer receives from a meeting with n consumer with
k units of money.
As discussed in Deviatov and Wallace (2014), the monitored agents start a new period
with no money at optimum. The money they earned in previous periods are entirely taxed,
and they issue money under their name when they need to pay. It is easy to see why it
creates a tighter incentive compatibility than (5) if they don’t, as m agents can obtain more
8

money than one can get in one meeting.
We also require that trade results in pairwise core to immune to individual defection and
joint defection in a pair. If n agents defect to a given trade, it results in no trade in the
current period and expecting w (k) next period. If m agents defect, they lose their status
and become n agents. To state the constraint for (k, k 0 ) meeting for , let ϑ(k, k 0 ) denote
a surplus (over no-trade) for a producer in the meeting. The constraint can be stated as
0
k,k0
solve
follows: q(k, k 0 ), λk,k
p , and λc
max

u(q) + β

q≥0, (λp ,λc )∈Λ(k,k0 )

s.t. − q + β

X

λc (i)w(i)

0≤i≤k+k0

X

λp (i)w(i) = βw(k) + ϑ(k, k 0 )

(6)

0≤i≤k+k0

u(q) + β

X

λc (i)w(i) ≥ βw (k 0 )

0≤i≤k+k0

or some ϑ(k, k 0 ) ≥ 0.5 The Karush-Kuhn-Tucker condition is necessary and sufficient for
the optimality, and we can derive a set of equations and inequalities from the condition. If
either a consumer or a producer is m agent, individual rationality suffices
u (q(k 0 , k)) + β

X

0

λck ,k (k0 )w(k0 ) ≥ βw (k), for k ∈ {0, 1, 2, 3} ∪ {m} , k 0 = m

(7)

u (q(k 0 , m)) + βw (m) ≥ βw (0), for k 0 ∈ {0, 1, 2, 3} ∪ {m}
X
0
0
λk,k
−q(k, k 0 ) + β
p (k0 )w (k0 ) ≥ βw (k), for k ∈ {0, 1, 2, 3} ∪ {m} , k = m

(8)

k0

(9)

k0

−q(m, k 0 ) + βw (m) ≥ βw (0), for k 0 ∈ {0, 1, 2, 3} ∪ {m}

(10)

The planner maximizes the ex-ante expected utility (1), subject to the physical feasibility
conditions, the stationarity conditions, the pairwise core constraints, and the individual
rationality constraints.
5

Solving the problem is necessary for trades being in the pairwise core. That is also sufficient if the
utility function of the producer and the consumer are strictly monotone in consumption goods and money
holdings (see, for example, Mas-Collel et al. (1995)). Here, the utility function may not be strictly increasing
in money holdings; Some additional units of money may not be valued in some allocations, and hence the
value function w, which specifies the preference for money holdings in trade meetings, may be non-strictly
increasing in a part of the domain. In effect, we are solving a relaxed problem using this formulation. For
example, if we find that a numerical solution has non-strictly increasing w, it may not be an optimum as
solving above problem is not a sufficient condition in that case. It is verified that numerical solutions have
strictly increasing w, and thus it is assured that the solutions solve the problem of our interest.
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Computation procedure

We compute solutions for the planner’s problem using two solvers that are compatible with
the GAMS interface, KNITRO and BARON. KNITRO is a local solver for large-scale optimization problems. For a given initial point, it quickly converges to a local solution (or
shows that it cannot reach one), but it does not guarantee global optimality. This issue is
usually dealt with by using a large number of initial values. The solver automatically feeds
in different initial values as we change an option that controls the number of initial values. In contrast, BARON (Branch-And-Reduce Optimization Navigator) is a global solver
for nonconvex optimization problems. It continues to update an upper bound and a lower
bound on the objective by evaluating the values of variables satisfying the constraints and
stops when the difference between the two bounds becomes smaller than a threshold. It
guarantees global optimality under mild conditions, but it generally takes much longer time
to converge than local solvers. Even before it converges, we can terminate it and see its
candidate solution. When Baron did not finish in a reasonable time span, we stopped it and
checked the candidate solution with the solution from KNITRO.
Due to the complexity of the problem, BARON did not complete its computation after
spending a day, which is the limit of time we can use for a single routine. In all examples that
we tried, the candidate solution was not updated after roughly 12 hours. The remaining time
was being used to verify that other feasible allocations are not better than the candidate
solution. The intermediate result earned after one day run is our first candidate of the
solution. We ran KNITRO with 1000 initial points and found that its solution coincides
with the intermediate output from BARON, which is the best lower bound. With KNITRO,
we used 3000 initial starting points and checked if the results from using 5000 initial points
are the same. This becomes our second candidate when they coincide. We compare two
candidates, the candidates from two solvers, and determine that results are consistent when
maximized values and aggregate variables are same within the tolerance level, which is 0.001.
The following results meet this criterion.

5

Results

The first two figures show the welfare (relative to the first-best level) and money supply at
the optima for different values of β, κ, α. The money supply is defined as
π1 + 2π2 + 3π3
1−α
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Figure 1: Welfare
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The welfare increases with β as patient producers can endure more production, and
it increases with α as the economy has the higher monitoring capacity. One exception is
(β, κ) = (0.3, 10), in the first panel where the welfare decreases as α increases from 0 to
0.25. The welfare at α = 0.25 is close to zero, suggesting that implementable allocations are
very close to an allocation with no production. While Wallace (2010) shows that welfare
is weakly increasing in α, the proof of this claim is relying on social planner treating some
monitored agents as non-monitored agents. For simplicity, we require the expected utility
of all monitored agents to be equal, and higher than that of any non-monitored agents’. In
this case, welfare is not guaranteed to be weakly increasing in α, as we can see in this result.
This example shows that social planner may actually want to treat some monitored agents
as non-monitored agents, and it might be better to use less than full monitoring capacity.
Broadly, money supply decreases with α when β is high, and it increases α when β is
low. For intermediate values of β, money supply decreases with initially and then increases
with α. In sum, money supply does not change monotonically with α, but it is less than
B/2 in all examples.
Figure 3 shows the inflation rate at optima. It is strictly positive in all examples with
α > 0, while transfer rate is positive only in one of them. In this model, both social planner
and monitored agents can create money, and that will increase the money supply and lead to
inflation. In examples where the inflation rate is positive and transfer rates are zero, inflation
11

Figure 2: Money supply

Money supply (relative to B)

= 10

= 20

= 40

0.4

0.4

0.4

0.3

0.3

0.3

0.2

0.2

0.2

0.1

0.0 0

25
50
Measure of monitored agents (%)

0.8
0.7
0.6
0.5
0.4
0.3
75

0.1

0.0 0

25

50

0.8
0.7
0.6
0.5
0.4
0.3
0.2
75

0.1

0.0 0

25

50

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
75

is caused by net money creation of monitored agents, which is the amount of money spent by
monitored to non-monitored agents net of the amount of money earned by monitored from
non-monitored agents. Hence, the result is consistent with Deviatov and Wallace (2014).
Even though we extend their model to incorporate policies that are potentially beneficial
but not inflationary, it is still not beneficial to tax monitored agents. Even in the example
with positive transfer rates, inflation may not be solely caused by government transfer. It
can be both government transfer and net money creation of monitored agents that cause
inflation.
To understand this result, it is helpful to discuss the limit on the role of policies, generated
by the one-unit upper bound on money holdings in Deviatov and Wallace (2014). Taxing
monitored agents—by making monitored agents spend less money to non-monitored agents
than what they earn from non-monitored agents—is feasible even under the one-unit upper
bound (given that it is incentive compatible). However, it cannot be beneficial for welfare
with the one-unit upper bound, as transfer scheme is too limited. With the one-unit upper
bound, who can receive additional units of money through transfers are only people with
no money. Consequently, transfer schemes always shift wealth from the rich to the poor,
improving risk-sharing. There is no scope for transfer schemes shifting wealth from the poor
to the rich and relaxing participation constraints of some producers. With the three-unit
upper bounds as in here, taxing monitored agents can be beneficial. The social planner
12

Figure 3: Inflation Rate
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can not only improve risk-sharing through lump-sum transfers, but also relax participation
constraints of some producers through policies resembling the Friedman rule. The cost of
inflation resulting from such transfers can be reduced by taxing monitored agents. However,
it will make monitored agents to consume less and decrease their utility. At the optima, net
issue of money from monitored to non-monitored agents is positive, as in the example of
Deviatov and Wallace (2014).
Compared with the counterpart pure-currency economies (α = 0), transfer is used (τi > 0
for any i) much infrequently. According to the conjecture in Wallace (2014), there generically
exists some government transfer schemes that improve welfare over no transfer in purecurrency economies. We find that government transfer is used in 2/3 of examples with α = 0
(See Nozawa and Yang (2016) for a discussion on the upper bound and the conjecture). There
are two reasons why the transfer is not used as frequently as in pure-currency economies.
First, the transfer is done through monitored agents. We allow not only that monitored
agents can produce for non-monitored agents with no money, but also can give money to
them. In 1/2 examples with α > 0, monitored producers both produce and give money to
non-monitored consumers with no money. For the social planner, this is a more efficient way
to give money to agents with no money than the direct transfer. While transfer is subject to
incentive compatibility constraint (τ0 ≤ τ1 ≤ τ2 ) , we assume perfect information in pairwise
meetings. Hence, risk-sharing can be achieved more efficiently through monitored agents
13

in pairwise meetings, than the direct transfer. Second, as some inflation is already caused
by net money creation of monitored agents, the transfer can be too costly as it will further
increase the inflation rate.

6

Concluding remarks

Let us quote Deviatov and Wallace (2014) to highlight the message of this study: this is
a counter-example to the view that “inside-money economies should be regulated so as to
avoid inflation,” and that “inflation is harmful in the absence of nominal rigidities.” Inflation
can be optimal in a model with inside money as it enables those who can issue money spend
more than they earn. However, their model does not give scope to policies resembling the
Friedman rule because of the small upper bound on money holdings, and the result can
potentially be overturned if such policies financed through the tax on monitored (those who
can issue money) were possible and optimal. We extend their model by adopting higher
upper bound and find that their result is robust. Inflation is optimal for all the examples
we considered, and it arises from the net positive money creation by monitored agents, not
from the government transfer.
The upper bound of three, which is what we used, is not large but not small either. It is
the smallest B that gives potential scope to policies resembling the Friedman rule, and we
cannot think of a reason why adopting a higher B will overturn the result.
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